Abstract. This paper considers the optimal control of a degenerate parabolic partial differential equation governing a diusive population with logistic growth terms. Assuming this population causes damage to forest and agricultural land, the optimal control is the trapping rate and the cost functional is a combination of the damage and trapping costs. We prove existence, uniqueness, and regularity results for this degenerate parabolic equation. The vanishing viscosity method is used to obtain the existence result. The optimal control is characterized in terms of the solution of the optimality system, which is the state equation coupled with the adjoint equation. Uniqueness for the solutions of the optimality system is valid for a suciently small time interval due to the opposite time orientations of the two equations involved.
x1. Introduction. This paper concerns the application of a distributed parameter control model for the management of diusive populations, whose growth is governed by logistic terms. The migration of small mammal species such a s b e a v ers, raccoons, and muskrats have been modeled by parabolic diusion equations; see the classic work by S k ellam on diusing populations [16] . It has also been shown that the growth of such mammals follow logistic growth patterns [8] . Due to environmental heterogeneity and barriers, the diusion may be degenerate in some locations. These small mammals are often found in conict with human interests due to the damage they inict on timber and agricultural land [6, 13] . Our model uses a degenerate parabolic partial dierential equation (PDE) with logistic growth terms to characterize the optimal strategy in trapping a proportion of such a n uisance population in order to minimize damage and trapping costs.
The population density i s g o v erned by the following state equation:
(1:1) z t n X i;j=1
(a ij (x)z x i ) x j = z(a bz p);
in T (0; T ) ;
with boundary conditions z = 0 or no ux boundary conditions. The problem is posed in (0; T ) with l R n . F or practical applications, the habitat sits in l R 2 , i.e., l R 2 .
The diusion coecients (a ij (x)) may be degenerate at some locations. We assume the initial distribution is known. The proportion p(x; t) of the population to be trapped is the control in our problem. We can treat zero Dirichlet (z = 0) or Neumann (no ux) boundary conditions. If the exterior of the domain is completely hostile to the population and the species go out there anyway, then zero Dirichlet boundary conditions are reasonable [14] .
Otherwise if the population does not go out to the boundary, then \no ux" Neumann boundary conditions are valid. Choosing controls in an appropriate class, we seek to minimize the cost functional:
The the z 2 term represents the density dependent damage due the nuisance species. The amount of the population trapped is pz and the unit trapping cost at level p is p; these two factors multiply to give the cost of trapping in the cost functional. The e rt term is included for discounting the value of the future cost accruing over the given nite planning horizon. We will characterize the optimal control that minimizes the cost functional. Section 2 gives the precise formulation of the problem in terms of weak solutions of the state equation. In section 3, we prove existence, uniqueness, and regularity results for weak solutions of the state equation. The vanishing viscosity method is used to obtain the existence result. In section 4, the existence of optimal controls is obtained under the assumption that the set where the diusion vanishes has measure zero. Also, the optimal control is characterized in terms of the unique solution of the optimality system, which consists of the state equation coupled with an adjoint equation. The optimality system is derived by dierentiating the cost functional with respect to control at an optimal control. Sections 2 through 4 consider the Dirichlet boundary condition case, while section 5 treats the Neumann boundary condition case.
Background concerning biology and economics behind diusion population models with logistic growth terms can be found in the books by Murray [14] and Clark [2] . For background on control and PDEs, see the books by Fife [4] and Lions [12] . Leung and Stojanovic [10] have optimal control results for uniformly elliptic PDE with logistic growth terms, with a dierent cost functional than that used here. He, Leung, and Stojanovic [5] considered optimal harvesting control of a periodic parabolic system for a competitive model with maximization of prot. Bhat and Lenhart [9] treated this wildlife management problem in the case of constant diusion. Their work easily generalizes to the nondegenerate diusion case, but not to the degenerate case. They demonstrated their model with a n umerical simulation using beaver population data from the New York State Department o f E n vironmental Conservation. The simulation is unusual due the opposite time orientations of the state and the adjoint equations.
x2. Formulation of the Problem.
In this section, we will formulate our optimal control problem. In what follows, we let l R n be an open set with a smooth boundary @ and T > 0 be a xed constant. We point out that one may let a and b be L 1 ( T ) functions. Letting them be constants is just for simplifying the notation. Also, we m a y let a ij be time dependent. Next, let us dene H () to be the completion of C 1 0 () under norm
Clearly The control p is taken from the set P and the initial state z 0 is taken from Z. I n x 3, we will show that under assumptions (A1){(A2), for any ( z 0 ; p )2 Z P , there exists a unique solution z in some weak sense, which turns out to be in L 1 ( T ). We refer to this z as the state corresponding to the given initial state z 0 and the control p. T h us, we m a y dene the following cost functional:
e rt ( 1 2 z 2 + p 2 z)dxdt: Here we make the following assumption:
(A3) , and r are constants with constraints:
(2:7)
; r 0; 0 > 0:
Again, we m a y let , and r be L 1 ( T ) functions satisfying (2.7) almost everywhere on T . Clearly, under assumptions (A1){(A3), for any given z 0 2 Z and p 2 P , the cost functional J(p) i s w ell-dened. Our optimal control problem can be stated as follows: In this section, we prove the existence and uniqueness of solutions to the state equation. To start with, let us introduce the following denition which is adapted from [7] . 
Proof. First, we let (z 0 ; p )2( C 1 0 ()
T P). For any " > 0, we consider the following approximating state equation:
This problem admits a unique classical solution z " . Similar to [9] , we can prove that By maximum principle, we h a v e (3:12) z " (x; t) e z " (x; t) = e t y " (x) 1 2 e t z 0 (x); (x; t) 2 T :
Now, we let (b z 0 ; b p) be another pair of smooth data, and b z " be the corresponding solution of (3.7). Then, the dierence w = z " b z " satises 
with a constant similar to (3.15) . Now, multiply the equation in (3.13) by w t and integrate it over , we h a v e (3:18)
Then, by Cauchy-Schwartz inequality and Gronwall's inequality, w e obtain (3:19) kz "
). In particular, if we take 
with C = C(kz 0 k L 1 () ). Now, we let (z 0 ; p ) be a pair of smooth data as above and let z " be the corresponding solution of (3.7). By [3] , we m a y assume that Pass to the limit in (3.23), we see that z is also a solution of (2.1) in the sense of Denition 3.1. Then, taking limits in (3.12), (3.20) and (3.21), we get (3.2), (3.3) and (3.5) for this z. Now, we let (b z 0 ; b p) be another pair of smooth data and b z is the corresponding viscosity solution of (2.1), which is also a solution of (2.1) in the sense of Denition 3.1. Then, due to (3.15), (3.19 ) and the smoothness of the initial data and the controls, we see that (3.4) and (3.6) hold for z and b z.
Next, by density argument, we can show that for any ( z 0 ; p )2 Z P , there exists a solution z 2 C([0; T ]; L 2 ()) T L 2 (0; T ; H ()) T L 1 ( T ) with z t 2 L 2 (0; T ; H () ) satisfying estimates (3.2){(3.3) and the solutions z and b z of (2.1) corresponding to (z 0 ; p ), (b z 0 ; b p) 2 Z P obtained by the above limiting process satisfy the estimate (3.4). This proves (i), except the uniqueness, and (ii). Also, we can prove (iii) and (iv) similarly.
We should note that estimate (3.4) does not implies the uniqueness of the solutions because it is only satised by the solutions obtained by the above v anishing viscosity method. To prove the uniqueness, we let z and b z be two solutions corresponding the pair (z 0 ; p )2 Z 0 P . Remark 3.3. We should note that in proving the above result, a key step is to obtain the strong convergence of z " to z. This has been achieved via the notion of viscosity solutions. Here, we notice that condition (2.2) has not been used. From the result of x4, we will see that if condition (2.2) holds, which will imply the compactness of certain embedding, then we do not need the notion of viscosity solutions. See the proof of Theorem 5.2.
Remark 3.4. Conclusion (3.2) means that whenever the initial state z 0 is strictly positive in , the state z(x; t) will stay strictly positive in for t > 0. This fact is classical for the case of nondegenerate parabolic equations and for ordinary dierential equations (corresponding to the case with (x) 0). Thus it is natural to have positivity of z(x; t) > 0 ( x; t) 2 T in our general case. We should point out that Theorem 3.2 also holds if z 0 is just nonnegative. To a c hieve this, we only need to make approximation of z 0 from above. x4. Optimal Controls.
In this section, we rst present an existence of optimal control for our Problem P K;M . The key result is the following Proof. Let fp k ; k1 g P M be a minimizing sequence and let z k be the state corresponding to p k . Then, p k is bounded. Thus, by (3.3), we h a v e that (4:10) kz k t k L 2 (0;T;H () ) + kz k k L 2 (0;T;H ()) C: 8k 1:
